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A NOTE ON POLARIZATIONS OF FINITELY GENERATED FIELDS 


ATSUSHI MORIWAKI 


Introduction 


In the paper [^, we established Northeott’s theorem for height funetions over finitely generated 
fields. Unfortunately, Northeott’s theorem on finitely generated fields does not hold in general 
(ef. Remark |A.3p . Aetually, it depends on the ehoiee of a polarization. In this short note, we will 
propose a weaker eondition of the polarization to guarantee Northeott’s theorem. We will also show 
the generalization of eonjeetures of Bogomolov and Lang in under the weaker polarization. 

First of all, let us introduee the weaker eondition of a polarization. Let iL be a finitely generated 
field over Q. A polarization B = (5; Hi, ... , Hd) of K is said to he fairly large if there are 
generieally finite morphisms fi ■. B' ^ B and u : B' ^ of flat and projeetive integral 

sehemes over Z, and nef and big U°°-hermitian Q-line bundles Li,... , on sueh that a 
positive power of ® has a small seetion for every i, where Pi : (P^) ^ 

Pg is the projeetion to the i-th faetor. Then, we have the following Theorem |, Theorem and 
Theorem p|, whieh are generalizations of the previous results. 


Theorem I ([||, Theorem 4.3]). We assume that the polarization B is fairly large. Let X be a 
geometrically irreducible projective variety over K, and L an ample line bundle on X. Then, for 
any number M and any positive integer e, the set 

{x e X(K) I hf{x) < M, [K{x) :K]<e} 

is finite. Moreover, it can be generalized to the height of cycles on a projective variety (cf. Theo¬ 
rem pTj ). 


Theorem II ([|^, Theorem A]). We assume that the polarization B is fairly large. Let A be an 
abelian variety over K, and L a symmetric ample line bundle on A. Let 

( , )f : A{K) X A{K) ^ R 


be a paring given by 

y)L = \ {hf {xAy)- hf (x) - iif (a:)) . 


For xi,... ,xi G A{K), we denote det xffj by (xi,... , xi). 

Let T be a subgroup of finite rank in A{K), and X a subvariety ofA-j^. Fix a basis {71,... , 7^} 
ofV (8) Q. If the set {x G X {K) \ (71,... ^ynix) < e} is Zariski dense in X for every positive 

number e, then X is a translation of an abelian subvariety of Aj^ by an element of Tdiv, where 
^div = {t G A{K) I nx G T for some positive integer n}. 
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Theorem III ([[^, Theorem 5.1]). We assume that the polarization B is fairly large. For a subva¬ 
riety X of Aj^, the following are equivalent. 

(1) X is a translation of an abelian subvariety by a torsion point. 

(2) The set {x & X(K) \ hf{x) < e} is Zariski dense in X for every e > 0. 

(3) The canonical height ofX with respect to L and B is zero, i.e., h^{X) = 0. 

1. Fairly large polarization of a finitely generated field 

Let if be a finitely generated field over Q with d = tr. degQ(if), and let i? be a flat and 
projective integral scheme over Z such that K is the function field of B. Let L be a C'“-hermitian 
Q-line bundle on B. Here we fix several notations. 

•nef: We say L is nef if ci{L) is a semipositive form on B(C) and, for all one-dimensional 
integral closed subschemes L of B, deg (L|p) >0. 

•big: L is said to be big if ik'^ H^{B, L®™) = 0{rrf), and there is a non-zero section s of 
H^{B, L®"') with ||s||sup < 1 for some positive integer n. 

•Q-effective: L is said to be Q-effective if there is a positive integer n and a non-zero s G 
H^{B, L®”) with ||s||sup < 1- If Li<Z)L 2 ^ is Q-effective for C^-hermitian Q-line bundles Li, L 2 
on B, then we denote this by Li F /.g. 

•polarization: A collection B = (B; Hi,... , Hf) of B and nef C'°°-hermitian Q-line bundles 
Hi,... , HdOn B is called a polarization of K. 

•fairly large polarization: A polarization B = (5; Hi,... , Hf) is said to be fairly large if 
there are generically finite morphisms p ■. B' ^ B and z/ : i?' —> of flat and projective 

integral schemes over Z, and nef and big C°°-hermitian Q-line bundles Li,... , Ld onF^ such 
that p*{Hi) F i/*{p*[Li)) for all i, where Pi : (Ff) Pg is the projection to the i-th factor. 

Finally we would like to give a simple sufficient condition for the fair largeness of a polarization. 
Let fc be a number field, and Ok the ring of integer in k. Let Bi,... , Bi be projective and flat 
integral schemes over Ok whose generic fibers over Ok are geometrically irreducible. Let Ki be 
the function field of Bi and di the transcendence degree of Ki over k. We set i? = BiXq^- ■ - XOkBi 
and d = di + ■ — \-di. Then, the function field of B is the quotient field of Ki <Z>k K 2 <Z>k ■ ■ ■ Z>k Ki, 
which is denoted by K, and the transcendence degree of K over k is d. For each i{i = 1,... , /), let 
Hi^i,... , Hip^ be nef and big (P'^-hermitian Q-line bundles on Bi. We denote by qi the projection 
B ^ Bi to the i-tb factor. Then, we have the following. 

Proposition 1.1. A polarization B of K given by 

B = (b;<):(77i,i),... ,<)r(RM),... ,4*®,*)) 

is fairly large. 

Proof. Since there is a dominant rational map Bi (Ff)'^' by virtue of Noether’s normal¬ 
ization theorem, we can find a birational morphism pi : B[ Bi of projective integral schemes 
over Ok and a generically finite morphism z/j : B[ (Pg)'^'- We set B' = B[ ■ ■ ■ y~Ok 
p = Pi X ■■■ X Pi and v = vi x ■ ■ ■ x ui. Let L be a C'°°-hermitian line bundle on F\ given by 
(C’pi(l), II ■ IIfs)- Note that L is nef and big. Then, since p*{Hij) is big, there is a positive integer 
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aij with ^ u* {p*{L)), that is, 

proposition. 



Thus, we get our 

□ 


2. Comparison of heights with respect to different polarizations 

First of all, let us recall the definition of height functions over finitely generated fields. 

Let ii' be a finitely generated field over Q with d = tr. degQ(iF), and let B = [B] Hi,... , Hd) 
be a polarization of K. First of all, let us recall the definition of height of iC-valued points. Let X 
be a geometrically irreducible projective variety over K and L an ample line bundle on X. Let us 
take a projective integral scheme X over B and a C'°°-hermitian Q-line bundle C on X such that 
X is the generic fiber of X ^ B and L is equal to Ck in Pic(X) (g) Q. Then, for x G X{K), we 
define (t) to be 

deg fe(/:) ■ n5'=iCi(vr*(iFj)) ■ 

[K{x):K] 

where A^; is the Zariski closure in X of the image Spec(iF) X X, and n : X B h the 
canonical morphism. By virtue of [^, if {X', C) is another model of (A, L) over B, then there is 
a constant C with c)(^) ~ ^fx' ^ ^ ^ ^i^)- Hence, we have the unique 

height function hf modulo the set of bounded functions. 

More generally, we can define the height of cycles on Xj^. We assume that C is nef with respect 
to 71 X ^ B, that is, 

(1) For any analytic maps h : M ^ X{C) from a complex manifold M to X{C) with 7i{h{M)) 
being a point, Ci{h*{C)) is semipositive. 

(2) For every b E B, the restriction of C to the geometric fiber over b is nef. 

b 

Let Z be an effective cycle on Xj^. We assume that Z is defined over a finite extension field K' of 
K. Let B' be the normalization of B in K', and lot p : B' ^ B be the induced morphism. Let X' 
be the main component of X Xb B'. We set the induced morphisms as follows. 

A X' 


B B' 

Let Z be the Zariski closure of Z in X'. Then the height hf AZ) of Z with respect to (A, C) 
and B is defined by 

_ ^ deg (^ci ■ 11^=1 Cl {7r'*{p*{Hj))) ■ Z^ 

^(A,Z)(^) = [A' : iT](dimZ + l)degi(Z) ’ 

Note that the above definition does not depend on the choice of K' by the projection formula. Let 
{y,A4) be another model of (A, L) over B such that Ad is nef with respect toy ^ B. Then, 
there is a constant C such that 
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for all effective cycles Z of (cf. [0, Proposition 2.1]). Thus, we may denote by /if the class of 
/if -p. modulo the set of bounded functions. Moreover, we say /if is the height function associated 
with L and B. 


Let A: be a number field and Ok the ring of integers in k. Fix a positive integer d. For each 
1 < A < d, let Bi be a flat and projective integral scheme over Ok whose generic fiber over Ok is 
a geometrically irreducible curve over k. Let M* be a nef and big hermitian Q-line bundle on B^. 
Moreover, let 5 be a flat and projective integral scheme over Ok, and u : B ^ Bi 
a generically finite morphism. We denote the function field of B (resp. Bi) by K (resp. Ki). 
Note that tr. deg^(iT) = d and tr. degf.{Ki) = 1 for all i. We set Hi = v*p*{Mi) for each i and 
H = (S)ti Hi, where Pi : Bi Xq^ ■ ■ ■ Bd Bi is the projection to the i-th factor. Further, 
we set 


Xi = exp 


deg(ci(M^)^) A 
[k : Q] deg((Mi)fc) j 


Here we consider several kinds of polarizations of K as follows: 

= ,H), 

lB, = iB;H_^,...,Hj, _ _ 

Hi,j ~ i.H, Hi, ... , Hj—I, (^OB, Xi\ • lean)) Hjj^i,, Hd) for i ^ j. 

A key result of this note is the following. 

Proposition 2.1. Let X be a geometrically irreducible projective variety over K, and L an ample 
line bundle on X. Let (X, C) be a model of (X, L) over B such that C is nef with respect to 
X —y B. Then, for all effective cycles Z on X^, 

fXcO) = + f E fixOt 

Hi 

In particular, we can find a constant C such that 

fc!»(Z)<C-/!f(Z) + 0(l) 


for all effective cycles Z on Xj^. 

Proof. Let Z be an effective cycle on Xj^. We assume that Z is defined over a finite extension 
field K' of K. Let B' be the normalization of B in K', and let p : i?' —> i? be the induced 
morphism. Let X' be the main component of X Xb B'. We set the induced morphisms as follows. 


B B' 
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Let Z be the Zariski closure of Z in X'. We set D = (Xi ■ Z). Then, 


/- 


degiD- (E«=iCi 


■d 


[K' : A-](dimZ + 1) deg^Z) 






0.1 


deg ■ ni=iCi(p;(Mz))- 

a^+...+a^=d (dim z + 1 ) degi(Z) ’ 


Here we claim the following. 

Claim 2.1.1. If{ai,... ,ad) 7 ^ (1, • • • ,1) and deg (^D ■ nf=i j 7 ^ 0, then there are 

i, j G {1,... , d} such that Ui = 2, Oj = 0 and ai = 1 for all I 7 ^ i,j. In particular, 


R R dl deg [D ■ Ci(p*(Mi))-2 nti 77 i,idi(pr(d^i)) 


[K' : iL](dimZ + l)degi(Z) 


Clearly, ai <2 for all /. Thus, there is i with Oj = 2. Suppose that = 2 for some j 7 ^ L Then, 

d \ / d 


deg(D-ndi(pr(MO)'“' ) =deg(D-ci(p*(M.))'^-ci(p;(M,))'2- J] di(p;(M,))' 


oi 


1=1 




Thus, using the projection formula with respect to pi. 


deg ( D ■ Y[ci{p*i{Mi)y^‘ j = deg(ci(Mi)- 2 ) deg ( ■ JJ P*i{Mi)\ 


01 

Vi 


1=1 


z=i7^ij 


where pi means the restriction to the generic fiber of pi. Here the generic fiber of pi is isomorphic 

to {Bi XkKi)xKr-- {Bi-i XkKi) Xk^ {Bi+i XkKi)x {Ba XkKi) and Bj XkKi is a projective 
curve over Ki. Thus, we can see 

deg (d ■ Ylci{p^{Mi)y 
\ i=i 

This is a contradiction. Hence, we get our claim. 

By the above claim, it is sufficient to see that 


ai 1 _ 


= 0 . 


deg ■ Ci(p:(M ,))'2 

[K' : iL](dimZ + l)degi(Z) 


( 2 . 1 . 2 ) 


= 




log(A,) / A A ci{7r'*p*uYi{Mi)) 

i=iMj 

[K> : iL](dimZ + l)degi(Z) ' 


First of all. 
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Moreover, 


is equal to 


/ A Ci(7r'VV>?(Mz)) 


[k : Q] deg ( . J] t,'* p*v*p*{Mi)u ■ zA = [k : Q]deg [ Df, ■ J] PKMi)k • 


Thus, we obtain 


1 = 1 , 


deg(ci(Mi)2) deg (Dk ■ Yli=i,i^jPtiMi)k 


1=1,i^j 


deg{{Mi)k)[K' : K]{dimZ + 1) deg^iZ) ' 

On the other hand, by the projeetion formula with respeet to Pi, 

deg( D-Clip* JJ Ci(p;(Mi)) I = deg(ci(Mi)'A ■ deg JJ Pi{Mi] 




Vi / > 


l=l,l^i,j 


l=l,l^i,j 


where pi means the restrietion to the generie fiber of pi. Moreover, by the projeetion formula again. 


deg ( Dk ■ W p*i{Mi)A= deg{Mi)k-deg [Dr,, J] pl{Mi 


Vi 


i=i,Di 


i=i,i^i,j 


Thus, we get ( |2.1.2|) . 

The last assertion is obvious beeause there is a positive integer m sueh that 




I \ \ can J 


for every i,j. 


□ 


Corollary 2.2. Let X be a geometrically irreducible projective variety over K, and L an ample 
line bundle on X. Let B and B be polarizations of K. We assume that B is big and B is fairly 
large. Then, there are positive constants a and b such that 

ahf{Z) + 0(1) < hf{x) < bhf{Z) + 0(1) 

for all effective cycles Z on X^. In particular, if X is an abelian variety and L is a symmetric 
ample line bundle, then 

ahf{Z) < hf{Z) < bhf{Z) 

for all effective cycles Z on X^. 

Proof. The first inequality is a eonsequenee of (5) of Proposition 3.3.7]. We set B = 
{B; Hi,... , Hd) and B = {B'; H^,... , Hf). Sinee B is fairly large, there are generically finite 
morphisms p' : B” B' and u : B" ^ (Pz)*^ of flat and projective integral schemes over Z, and 
nef and big 0°°-hermitian Q-line bundles Li,... , on such that p'*{H'f) A u*{p*{Li)) for all 
i, where Pi : (P^)^ —^ *^he projection to the f-th factor. Changing B” if necessarily, we may 
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assume that there is a generieally finite morphism B. By virtue of the projeetion for¬ 

mula, we may assume that B = B' = B". We set H = u* __,p^{Li)y Then, {B-H,...,H) 
is a big polarization. Thus, there is a positive integer bi sueh that 

hj < + 0 ( 1 ). 

Moreover, by Proposition |^, we ean find a positive eonstant 62 with 
On the other hand, sinee h[ ^ iy*{p*{Li)) for all i, 

^ j^(B-,Hi,... ,H,i) _j_ 

Henee, we get our eorollary. □ 

Here, let us give the proof of Theorem |, Theorem || and Theorem |I| in the introduetion. 
Theorem | is obvious by Theorem 4.3] and Corollary Theorem ^ is a eonsequenee of 
[@], Corollary and the following lemma. 

Lemma 2.3. Let V be a vector space over M, and { , ) and ( , )' be two inner products on V. If 
{x, x) < {x, x)' for all x ^ V, then det (( t *, xf) < det {{xi, Xj)') for all xi, ... ,Xn^V. 

Proof. If Ti,... ,Xn are linearly dependent, then our assertion is trivial. Otherwise, it is noth¬ 
ing more than [Q, Lemma 3.4]. □ 

Finally, let us eonsider the proof of Theorem 0 . The equivalenee of (1) and (2) follows from 
Theorem It is obvious that (I) implies (3). Conversely, (3) implies (1) by virtue of 0 and 
Corollary 


3. Northcott’s theorem for cycles 

In this seetion, we will generalize Northeott’s theorem to the height of eyeles on projeetive 
varieties. 

Theorem 3.1. Let K be a finitely generated field over Q, K the algebraic closure ofK, and let B 
be a fairly large polarization ofK. Let X be a geometrically irreducible projective variety over K, 
and L an ample line bundle on X. For an effective cycle Z on X^, we denote by hf^{Z) the height 
of Z with respect to B. Moreover, the orbit of Z by the action of the Galois group Gal(iT/iC) is 
denoted by Then, for a real number M and integers I and e, the set of all effective 

cycles on X^with hf{Z) < M, deg^(Z) < I and fiOQgjQz/K)iZ) < e is finite. 

Proof. Let us begin with the following lemma. 

Lemma 3.2. Let X = x ■ ■ ■ x P^’’ be a product of projective spaces and 0{di ,... ,dr) 
the line bundle on X with the multi-degree {di,... ,dr). Let || ■ || be the hermitian metric of 
0{di ,... ,dr) given by the Fubini-Study metric. For each i, we fix a basis of (Tp«i(l)). 

Then H^{X,0{di,... ,dr)) is naturally isomorphic to the space of homogeneous polynomials 
with the multi-degree {di,... , dr). For s G H^{X, 0{di,... , dr)), we denote by |s| the maximal 
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value of the absolute of coefficient of s as a polynomial. Then, there is a constant C depending 
only onrii,... , n^, rfi,... ,dr and a basis o/iJ°(P£ , 0^^i{l)) for each i such that 

|s| < Cexp ||s|| /\ p-(ci(C>(l). II ■ IIps))''"' 

for all se H^{X,0{di,... ,dr)). 

Proof. By virtue of [Q, Corollary 1.4.3], 

( T Tl' \ / p 

/ ll^ll II ■ 

i=l m=l ^ \-J X 

On the other hand, sup^.^jyIIIsII ( 2 ^)} \s\ give rise to two norms on the finite dimensional spaee 

H^{X, 0{di ,... , dr)). Thus, we get our lemma. □ 



Let us start the proof of Northeott’s theorem for eyeles. It is suffieient to see that, for any real 
number M and any integers e, d and /, the set 


Z is an effeetive eyele with 

#C’Gai(x/A)(^) < e, deg^(Z) = d, dimZ = I and hf{Z) < M 

is finite. Clearly, we may assume that X = Ff- and L = C>pn (1). Let K' be the invariant field of 
the stabilizer at Z. Then, [K' : K] < e and Z is defined over K'. Let B' be the normalization of 
B in K', and let h[, ... , be the pull-baeks of LTi,... , Hdhy B' ^ B respeetively. Let Z be 
the Zariski elosure of Z in P^, = P^ x B'. Then, 



hfiZ) 


deg (^Ci(C>pn,(l))'+i . ■ Z^ 

[K':K]{l + l)degL{Z) 


+ 0 ( 1 ), 


where tib' is the eanonieal projeetion P^, — B' and Opn^ (1) is the pull-baek of (Opn(l), || ■ \\fs) 
via P^, ^ Pg. 

Let Pg be the dual projeetive spaee of Pg. Let us eonsider 



X B/(i+l) 


/+! 


Ps' Xb' ■■■ Xb/P^m 


where P^/ = Pg x B'. Let pi : (P^,) —»• P^, be the projeetion to the i-th faetor and 

p : (Pb') B' the eanonieal morphism. We set 


z+i 

Ob,K... ,ci) = 0p-(C’fj,(l)). 

i=l 
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Let Ch(Z) be the Chow divisor of Z, i.e., Ch(Z) is an element of ... , (i)| on Let 

Ch(Z) be the Zariski closure of Ch(Z) in (P^/) Here we claim the following equation: 


^ / + 1 


(3.2.1) p. 


V 2 =l 


= TT* (ci(an,(i))-'+i. z) + d{i + i)7r, (ci(a.,(i))'"+i). 


Let U be the maximal Zariski open set of B' such that Z ^ B' is flat over U. Then, in the same 
way as in the proof of [jl], Proposition 1.2], we can see that the equation ( |3.2.1D holds over U. 
Therefore, so does over B' by [|], Lemma 2.5.1] because codim(i?' \U) >2. 


By using ( [3.2.ID , we can see 

(3.2.2) Lf(Z) + 0(l)) +cGi(ci(a^))deg(ffiQ...J2j< 


Sg (n'f(pi(oc-.,(i))) • 

“ [K' : K] 

Choose P e ’ C>K'{d ,... , d)^ with div(P) = Ch(Z). Here, we fix a basis of 

f/°(P2, Opn(l)). Then, P can be written by a polynomial with coefficients {uaIasa in K', that is, 
{oaIaga is a Chow coordinate of Z. Noting that P gives rise a rational section of Os'id ,... , d) 
over B', let 

div(P) = Ch(Z) + crP*(r) 
r 

be the decomposition as a rational section of Ob'{ d,... ,d), where T runs over all prime divisors 
on B'. Then, we can easily see cr = minAeA{ordr(aA)}. Here, let us calculate 

_ /i+i _ _ 

deg JJci (^p-(C>pn^(l))j ■ Y[ci{p*h'j) -CiiOB'id,... ,d)) 

\i=i j=i 

in terms of the rational section P. Then, 

'l+l d 


(3.2.3) dig n?i(p-(0|-,(l))) .nci(p’(J?i))-Ch(Z) 

\i=l j=l 2 

_ /l+l ^ d 

[A" : A-]dii I Hci (pHOf^))'" ■ nA(p'(H’3))'?i(OB(<i,....d)) 

vi=l j=l 

( d N 

JJci(p'.) ■ r 

/+1 

log iTii Aoi A oi(p'(^A- 


AeA 


(PJi) xB'(C) 


i=l 
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Let Uo be a Zariski open set of -B'(C) such that a\ has no zeros and poles on Uq for every A G A. 
For each b G Uq, let A : ^ ^ -B'(C) be a morphism given by ib{x) = {x,b). 

Then, 




/+i ^ \ 

iogiiPiiA<:i(p;(o^))" (i>) 
'(c) ^" •' ' j 


Z+1 


Thus, by Lemma 1^, 


1+1 


(3.2.4) 




2=1 


'(Pc) 


log \\p\\ A Cl (p;(Op5,(i)))"” A A oi(p*(A)) 


( + 1 


(log Ill’ll) A Pi (pKOrE(l)) 


An 


i=l 


i=i 


> 


logmax{|aA|} /\c,(h'^)-[K':K]C' l_ /\c,{H,) 


B{C) j = i 


Jb'{c) - 

for some constant C depending only on n, d, I and a basis C>pn(l)). Thus, gathering 

( FX2| ), ( FT31 ) and 

hZ{{a,)^^^)<hf{Z) + C'' 


for some constant C" independent on Z. Thus, we have only finitely many (aA)AeA niodulo the 
scalar product of K. Therefore, we have only finitely many Ch(Z). Hence we obtain our assertion 
because the correspondence 


Ch : 


Effective cycles Z on with 
I = dim Z and deg(Z’) = d 


OT^id,... ,d)\ 


is injective. 


□ 


Appendix. Direct proof of Northcott’s theorem with respect to a fairly large 

POLARIZATION 

If we use a fairly large polarization, we can give a simpler proof of Northcott’s theorem. In this 
appendix, let us consider this problem. 

Let us start the direct proof of Theorem |. We denote by C>pi(l) the hermitian line bundle 
Fs) on P^. First of all, we claim the following. 

Claim A.l. We assume that there is a generically finite morphism a \ B ^ (Pl)'^ with Hi = 
a* {p*{Ofi{l))) for all i. Then, the assertion of our theorem holds. 

Since L is ample, there is a positive integer m and an embedding 0 : X P” with0*(C>pn(l)) = 
Thus, we may assume that X = P^ and L = C>pn ( 1 ). Let Bq be a polarization given by 

^(Pg)'^ ;p];((!2pi (1)),... ,p^(C>pi(l))j. Then, by the projection formula, we can see that hf° = 

deg(i/)hf + 0(1). Therefore, we may assume B = Bq. Moreover, in the same argument as in 
Claim 4.3.3], we may assume e = 1. 
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Let Aoo be the elosure of cx) e Pq in P^. We set = p*{Aoo)- Moreover, we set Ai = 
P*{Opi, ( 1 / 2)1 ■ lean)- If we denote ci(P^ || ■ by u, then 

(A.2) 

[ log( 2 ) 

Pj hoo) 

Let Bi be a polarization of K given by Bi = {B; Hi ,... , Aj, iLj+i,... , Ha). Here 
_ 02 

C’pi(l) ^ (Opi, ( 1 / 2)1 ■ lean) beeause sup^gpi(c) ||A:oAi||j 75 (x) < 1 / 2 , where {Xo,Xi} are a 
basis of iL°(Pg, Opi (1)). Thus, by [|], (5) of Proposition 3.3.7], there are positive eonstants a such 
that + a for all i. We set 

S = {Pe P"(Q(zi, • • • , z,)) I hliP) < M} 

Then, for any P e S', h^i{P) < 2M + a. Moreover, there are /o, • • • , /n G Z[zi, ■ ■ ■ ,Zd] such 
that /o, • • ■ , fn are relatively prime and P = {fo ■ ■ ■ ■ ■ fn)- Here, by using ( |A.2| ) together with 
facts that ci(Aj) = 0 and /o, ■ • ■ , /n are relatively prime, 

hnviP) = max{degi(/o),... , degi(/n)} log( 2 ), 

where degj is the degree of polynomials with respect to Zi. Thus, there is a constant Mi indepen¬ 
dent on P G S' such that degj(/j) < Mi for all i,j. On the other hand. 


deg (Si(ffi) ■ ■ ■Ci(A) ■ ■ ■ AW) 


A = 

1=1, 


f log( 2 ) if j = i 

\o 


hnv{P) = X]max{deg^(/o),... , deg^(/n)}deg (ci(Pi) • • •Ci(Prf) ■ A^) 
i 


+ 



(max{|/i|}) 


Cl (Pi) A ■ ■ ■ A Ci(Prf) 


Hence, there is a constant M 2 independent on P such that 



log(|//)ci(Pi) A---Aci(Prf) <M 2 


for all i. Thus, by [|^, Lemma 4.1], we have our claim. 


Let us consider a general case. We use the notation in the definition of the largeness of a 
polarization. Clearly, we may assume that X = P^ and L = C>pn (1). Let K' be the function field 

of B', and b' a polarization of K' given by (P/ fi*{Hi ),... , fi*{Hd)). Then, for all x G P’^(P), 



1 

[K' : K] 



Thus, we may also assume that B' = B. Moreover, there is a positive integer b with cf >; OM 
for every i. Hence, Hf^ ^ iy*{p*{Opi (1))). Let b' be a polarization of K given by 


b'= (s;!/-(p;(Op.(l))).... .!'*(p;(ai(l)))) . 
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Let Opn (1) be a C'°°-hermitian line bundle on given the pull-baek of (C>pn(l), || 
P^ —>• Pg. Then, since Opi{l) and C>p» (1) are nef, we can see that, for all x G P"(iL), 


h 


4uB 


(P5,o, 


'pg(l)) 


(a:) < Wh 


(P-,Opn(l)) 


[x). 


Thus, by the previous claim, we get our theorem. 


Fs) via 


□ 


Remark A.3. In order to guarantee Northcott’s theorem, the largeness of a polarization is crucial. 
The following example shows us that even if the polarization is ample in the geometric sense, 
Northcott’s theorem does not hold. 

Let k = Q(y^), e = (5 + y29)/2, and Ok = Z[e]. We set 

E = Proj {Ok[X, F, Z]I{Y‘^Z + XYZ + - X^)) . 

Then, E is an abelian scheme over Ok- Then, as in the proof of Proposition 3.1.1], we can 
construct a nef C°°-hermitian line bundle H on E such that [2]*(if) = and Hk is ample on 
Ek, Ci{H) is positive on E{C), and that deg (ci(if)^) = 0. Let K be the function field of E. Then, 
B = {E; H) is a polarization of K. Here we claim that Northcott’s theorem dose not hold for the 
polarization {E, H) of K. 

Let Pi : Exq^E ^ Eheiho projection to the Lth factor. Then, considering p 2 : E Xq^E ^ E, 
{E Xo^ E,pI{H)) gives rise to a model of {Ek, Hk)- Let T^ be the graph of [2]"^ : E ^ E, i.e., 
r„ = {([2]"(a;), x) I X e E}. Moreover, let be a X-valued point of Ek arising from r„. Then, 
if we denote the section Z ^ r„ by s„, then 

= dii (pKi/) ■ pUH) ■ r„) = {X(pI(h)) ■ <(?;(«'))) 

= (Sg ((12]”)*(B‘) ■ 7?) = *5 (tF*" ■ h) = 4"Si (H-H) = 0. 

On the other hand, x„’s are distinct points in Ek{K). 
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